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FIELD EMISSION CHARGING OF METALLIC COLLOIDS 

By N. Stankiewicz 

SUMMARY 


With a f ree-e lec t ron  model of me ta l l i c  col loids ,  t h e  charging time i n  an 
applied e l e c t r i c  f i e l d  i s  ca lcu la ted  f o r  t h e  alkali-group elements. A t h e o r e t i 
c a l  thin-wire ion izer  i s  discussed with regard t o  required operating poten t ia l s ,  
necessary geometrical dimensions, and current  -density capab i l i t i e s .  

INTRODUCTION 

The t h e o r e t i c a l  improvement of e l ec t ros t a t i c - th rus to r  e f f ic iency  r e su l t i ng  
from t h e  use of charged p a r t i c l e s  of l a rge  m a s s  has been recognized f o r  some time 
( r e f .  1). Current s tud ie s  on heavy-particle t h rus to r s  have developed i n  two 
areas .  One i s  concerned with employing l a rge  molecules and t h e  other  with ag
gregates  of atoms or molecules of c o l l o i d a l  s i z e  (simply ca l l ed  co l lo ids ) .  Both 
types of heavy p a r t i c l e s  present t h e  problem of a m a s s  d i s t r i b u t i o n  i n  t h e  beam 
resu l t i ng  i n  a l o s s  of t h r u s t o r  eff ic iency.  For col loids ,  however, reference 2 
ind ica tes  tha t  t h e  m a s s  d i s t r i b u t i o n  can be q u i t e  narrow. 

A t  present, severa l  methods of charging c o l l o i d a l  p a r t i c l e s  a r e  being in
vest igated.  The  method t o  be  considered i n  t h i s  report  i s  t h a t  of ion iza t ion  by 
f i e l d  emission of an electron.  For reasons t h a t  a r e  elaborated i n  t h e  next 
section, only meta l l ic  aggregates, and, i n  pa r t i cu la r ,  only those of t h e  a l k a l i  
group, a r e  discussed i n  d e t a i l .  

The f i e l d  ion iza t ion  method was s tudied i n  t h e  inves t iga t ion  reported i n  
reference 3 for t h e  case of a gas of alkali atoms. Results w e r e  not encourag
ing, however, because of t h e  excessive vol tages  required.  This study was under
taken t o  determine i f  requirements might be less s t r ingent  for col lo ids  than  f o r  
at oms. 

GENERAL DISCUSSION OF COLLQIDS 

The s t ruc tu re  of a c o l l o i d a l  p a r t i c l e  i s  not c l e a r l y  understood. It i s  
highly improbable t h a t  any well-ordered arrangement of atoms p reva i l s  such as i n  
a c rys t a l .  It i s  more l i k e l y  t h a t  t h e  co l lo id  resembles a l i q u i d  droplet ,  wi thin 
which t h e  atoms a r e  randomly arrayed. 

The e lec t ronic  s t r u c t u r e  of a co l lo id  i s  s imi l a r ly  not understood. With t h e  



assumption t h a t  t h e  dens i ty  of a c o l l o i d a l  p a r t i c l e  i s  equal t o  i t s  bulk density,  
it would be expected that me ta l l i c  co l lo ids  contain unbound electrons; t h a t  is, 
e lectrons shared by a l l  t h e  member atoms of t h e  aggregate. This follows from 
t h e  nearness of neighboring atoms i n  a s o l i d  or l i q u i d  and a l s o  from t h e  low 
ioniza t ion  p o t e n t i a l s  of metal  atoms. On t h e  o ther  hand, atoms with high ion
i za t ion  poten t ia l s ,  i n  t h e  s o l i d  or l i q u i d  s t a t e ,  would be devoid of f r e e  e lec
t rons  and, therefore ,  would be nonconducting. Removing e lec t rons  from such 
aggregates would hende be equivalent t o  ionizing t h e  const i tuent  atoms and would 
be a much more d i f f i c u l t  t a s k  because of t h e  higher ion iza t ion  po ten t i a l s  in 
volved. 

To j u s t i f y  t h e  hypothesis of f r e e  electrons,  it may be pointed out t h a t  even 
a l i q u i d  metal i s  a good conductor desp i t e  t h e  d isorder  of i t s  atoms. An a l t e r 
na t ive  statement of t h e  f ree-e lec t ron  condition i s  t h e  f a c t  that t h e  energy 
l eve l s  of t h e  valence e lec t rons  a r e  not determined s o l e l y  by t h e  atoms i n  which 
they  were o r i g i n a l l y  bound, but by a l l  t h e  atoms i n  t h e  col loid;  t h a t  is, t h e  
allowed energy s t a t e s  must be determined by solving f o r  t h e  eigenvalues of t h e  
wave equation i n  which t h e  e lec t rons  are shared by a l l  t h e  ionized atoms i n  t h e  
aggregate. 

Because of t h e  g rea t  d i f fe rence  i n  mass between e lec t rons  and atoms, t h e  
atoms can be considered as quasi-s ta t ionary,  while t h e  e lec t rons  move among them. 
Colloids, however, have no per iodic  s t ruc ture ,  and thus  an already d i f f i c u l t  
ca lcu la t ion  f o r  t h e  energy l e v e l s  becomes unmanageable. 

With t h e  assumption that these  allowed energy s t a t e s  E i n  t h e  droplet  a r e  
somehow determined, Fermi s t a t i s t i c s  can be formally appl ied t o  obtain t h e  f o l 
lowing d i s t r i b u t i o n  func t ion  f o r  t h e  electrons:  

f ( E )  = 

(Symbols a r e  defined i n  appendix A. ) 

The Fermi energy Eo, however, would be both space and time dependent be
cause of t h e  random spacing of t h e  me ta l l i c  ions and t h e  slowly changing i n t e r -
ion ic  dis tances .  These dis tances  a r e  slowly changing with respect  t o  t h e  move
ments of t h e  electrons but a r e  r ap id ly  varying with respect  t o  t h e  motions exe
cuted by t h e  co l lo id  as a whole. Because of t h i s ,  it would be  expected that an 
average Fermi l e v e l  could be assigned i n  equation (1). In l i e u  of de t a i l ed  
ana lys i s  and s ince  t h i s  paper intends t o  give r e s u l t s  i nd ica t ive  of t h e  charging 
mechanism, t h e  Fermi l e v e l  i s  taken as equal t o  t h e  Fermi l e v e l  found i n  bulk 
mater ia ls .  Elements with t h e  smallest  work funct ions w i l l  t he re fo re  be t h e  
eas i e s t  from which t o  remove electrons and thereby produce pos i t i ve ly  charged 
col loids .  In view of t h i s ,  t h e  discussion i s  r e s t r i c t e d  t o  t h e  a l k a l i  metals. 
Since t h e  mass range of i n t e r e s t  i n  t h r u s t o r  design l i e s  between lo4 and lo6 
atomic mass units ( r e f .  2), aggregates containing lo3 and lo4 atoms f o r  each of 
of t h e  a lka l ies ,  lithium, sodium, potassium, cesium, and rubidium, a r e  con
sidered. 

2 



CAZCULATION OF IONIZKTION TIME 

The electrons i n  a me ta l l i c  co l lo id  move under an average p o t e n t i a l  that i s  
lower than t h e  vacuum po ten t i a l .  A t  t h e  surface, a p o t e n t i a l  ''jump'' t o  t h e  
va.cuum l e v e l  r e s t r a i n s  t h e  electrons from leaving t h e  co l lo id .  The p robab i l i t y  
of f ind ing  an e lec t ron  at an energy g rea t e r  than t h e  vacuum l e v e l  i s  exceedingly 
s m a l l  at ordinary temperatures, as can be seen from t h e  Fermi d i s t r i b u t i o n  given 
by equation (1). 

An externa l  e l e c t r i c  f i e l d  impressed on t h e  co l lo id  c rea tes  a po ten t i a l  
b a r r i e r  through which e lec t rons  can tunnel.  The p o t e n t i a l  at t h e  surface of t h e  
co l lo id  i s  a t  t h e  vacuum l e v e l  and decreases l i n e a r l y  with a s lope proport ional  
t o  t h e  f i e l d  s t rength.  The number of e lectrons n passing through t h i s  b a r r i e r  
per  un i t  t ime depends on t h e  number s t r i k i n g  t h e  b a r r i e r  per  second and on t h e i r  
transmission p robab i l i t y  through t h e  ba r r i e r .  The rec iproca l  of t h i s  number is  
t h e  average time required f o r  one e lec t ron  t o  tunnel  through and i s  defined as 
t h e  charging t ime T: 

1
7 = 

n 

If t h e  f i e l d  i s  i n  t h e  x-direct ion and dn i s  t h e  number of e lectrons within 
t h e  co l lo id  having t h e  ve loc i ty  vx and a transmission p robab i l i t y  D ( Q ) ,  then 
it fo l lows  tha t  

where 2/h3 i s  t h e  dens i ty  of l eve l s  (two spin states per  volume h3 of phase 
space, h being Planck's constant);  S i s  t h e  e f f ec t ive  surface area normal t o  
t h e  x-direction; and px, py, and pz a r e  t h e  momentum components. The t r a n s 
mission p robab i l i t y  i s  only a funct ion of t h e  energy i n  t h e  x-direction. 

The t o t a l  number of e lectrons tha t  will penet ra te  t h e  b a r r i e r  i s  then found 
by in tegra t ing  over a l l  possible  momentums of t h e  y- and z-components and over 
a l l  pos i t i ve  values of t h e  x-component: 

When t h e  last two in tegra t ions  are ca r r i ed  out, t h e r e  remains 

Before t h i s  in t eg ra t ion  can be completed, it is  necessary t o  f i n d  t h e  t r ans 
mission f a c t o r  D(%)  as a funct ion of energy. Because t h e  p o t e n t i a l  is only a 
function of t h e  x-coordinate, t h e  wave equation i s  reduced t o  a one-dimensional 
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problem, and hence t h e  W. K. B. (Wentzel, Kramers, and Br i l lou in)  approximat ion 
( r e f .  4) i s  applicable.  Accordingly, 

where t h e  in tegra t ion  is  casr ied out over t h e  b a r r i e r .  To simplify t h e  calcula
t ion ,  V ( x )  i s  approximated by a t r i angu la r  b a r r i e r  depicted i n  t h e  following 
sketch: 

IrVacuum potent ia l ,  EB 

X 

The l i m i t  of t h e  b a r r i e r  at x = a i s  seen from t h e  sketch t o  be a funct ion 
of both t h e  applied e l e c t r i c  f i e l d  F and t h e  energy of t h e  impinging elec
t ron .  Carrying out t h e  in tegra t ion  gives 

L 


The ionizat ion t ime i s  calculated with equation ( 7 )  subs t i tu ted  fo r  

Since t h i s  in tegra t ion  cannot be car r ied  out i n  closed form, an approxima
t i o n  w i l l  be sought. Most of t h e  contr ibut ion t o  t h e  i n t e g r a l  comes from below 
t h e  Fermi level;  therefore,  t h e  f irst  s impl i f ica t ion  i s  t o  replace t h e  upper 
l i m i t  by Eo and t o  l e t  
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-- 

Next, by expansion of (EB - q)3/2i n  a Taylor series about = Eo and 
by r e t en t ion  of only t h e  f i r s t  two terms, an in tegrable  approximation i s  ob
ta ined:  

where cp, t h e  work of funct ion of t h e  material, i s  equal t o  EB - Eo. 

Because t h e  transmission f a c t o r  rap id ly  converges t o  zero, t h e  lower l i m i t  
i n  equation (8)  can be  replaced by -03. W i t h  t h e  subs t i t u t ion  7 = (Eo - % ) / c p ,
t h e  r ec ip roca l  charging t i m e  f i n a l l y  t akes  t h e  form 

- 5 
z 8nhcp 

(9) 

Fowler and Nordheim's equztion ( re f .  5 )  f o r  t he  current  dens i ty  emitted 
from a metal i n  a strong e l e c t r i c  f i e l d  shows t h e  same func t iona l  dependence on 
t h e  f i e l d  s t r eng th  as equation ( 9 )  although t h e  method of der iva t ion  was not t he  
same. 

The e f f ec t ive  surface area S i n  t h e  f i e l d  d i r ec t ion  is  taken t o  be the  
c ross -sec t iona l  area of a spher ica l  d rople t  of volume V: 

Where N i s  t h e  number of atoms i n  t h e  co l lo id  and P a  is t h e i r  number density, 
taken t o  be  equal t o  the  bulk densi ty .  Figure 1 shows a p l o t  of charging time 
as a funct ion of f i e l d  s t r eng th  f o r  a lka l i -meta l  co l lo ids  containing lo3 and lo4 
atoms. Table I contains t he  information used i n  ca lcu la t ing  t h e  curves shown i n  
the  f igu res .  

5 



IONIZATION PROBABILDY AND UTILIZATION EFFICIETTCY 

In order t o  produce the strong e l e c t r i c  f i e l d s  needed f o r  ionization, it i s  
necessary t o  use s m a l l  geometries such as needle poin ts  or t h i n  wires. A n  added 
e f f ec t  of t h e  f i e l d  i s  produced by t h e  neu t r a l  co l lo ids  being dra,wn i n t o  t h e  
regions of high f i e l d  s t rength  because of po lar iza t ion  forces .  The polar iza t ion  
force afforded by t h e  f i e l d  of a cyl inder  i s  a longer range e f f ec t  (-F3)than 
t h e  f i e l d  of a point ( ~ r - ~ ) .For this reason, t h e  following geometry, consis t 
ing of th ree  coaxial  cylinders, i s  considered: 

The cen t r a l  wire and t h e  outermost cylinder are maintained at high po ten t i a l s  
with respect t o  t h e  grounded cy l ind r i ca l  grid. This arrangement forms a "poten
t i a l  well," as shown i n  t h e  sketch. 

It i s  assumed t h a t  a wel l  collimated noninteracting beam of co l lo ida l  par
t i c l e s  is  introduced a x i a l l y  i n t o  one end of t h e  tube. Because of t h e  polar iza
t i o n  forces,  t h e  p a r t i c l e s  a r e  gradually drawn i n t o  t h e  high-f ie ld  region sur
rounding t h e  cen t r a l  wire, charged, and repel led i n t o  t h e  lower p o t e n t i a l  region. 
The charged p a r t i c l e s  o s c i l l a t e  i n  t h e  po ten t i a l  w e l l  u n t i l  they d r i f t  out of 
t h e  tube. Once they  a r e  out, they  can be introduced i n t o  a su i t ab le  th rus to r .  

The c l a s s i c a l  expression f o r  t h e  p o l a r i z a b i l i t y  a of a spher ica l  con
ductor of radius  R i s  

This becomes f o r  spher ica l  col loids  

N a = 3c0 -
P a  

where N and pa, as before, a r e  t h e  number of p a r t i c l e s  and t h e  dens i ty  of t h e  
droplet ,  respect ively.  
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The p o t e n t i a l  energy of such a co l lo id  i n  an e l e c t r i c  f i e l d  i s  then 

The f i e l d  about t h e  wire i s  r a d i a l l y  symmetric and can be wr i t ten  i n  terms 
of t h e  wire radius  ra and t h e  surface f i e l d  s t r eng th  Fa: 

M

l aF = F ,  r 

Since t h e  beam i s  assumed t o  be w e l l  collimated, t h e  angular component of 
t h e  p a r t i c l e  ve loc i ty  i s  ignored, and t h e  r a d i a l  component i s  obtained from t h e  
equat ion of motion 

where m x i s  t h e  atomic m a s s  as given i n  t a b l e  I ( a )  and Fi i s  given by equa
t i o n  (14 )  a t  r = ri, t h e  i n i t i a l  d i s tance  from t h e  or ig in .  

The z-component i s  not a f f ec t ed  by t h e  f i e l d  and i s  conserved through t h e  
tube  even a f t e r  ion iza t ion  if  no p a r t i c l e  i n t e rac t ions  occur. 

The p robab i l i t y  P t h a t  the  co l lo id  w i l l  emit an e l ec t ron  as it moves i n t o  
t h e  h igh- f ie ld  region i s  given by 

where d t  i s  t h e  d i f f e r e n t i a l  residence t ime from equation (15).  I n  terms of 
t h e  f i e l d  strength,  t h e  i n t e g r a l  i n  t h e  exponent becomes 

The charging time T i n  equation ( 1 7 )  i s  a funct ion of an enhanced f i e l d  
strength,  which has an average value of three-halves of t h e  ex te rna l  f i e l d .  
This a r i s e s  beceuse of t h e  d i s t o r t i o n  caused by t h e  po la r i za t ion  of t h e  co l lo id .  

I n i t i a l l y ,  t h e  co l lo ids  can en te r  t h e  f i e l d  at a l l  poss ib le  values  of Fi;
t h a t  is, at any d is tance  ri from t h e  anode. The integrand, however, i s  a very 
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sens i t i ve  funct ion of t h e  f i e l d  s t rength  and rap id ly  vanishes away from t h e  
anode. For t h i s  reason, t h e  i n i t i a l  f i e l d  s t rength  i s  neglected. This i s  
equivalent t o  carrying out t h e  ca lcu la t ion  f o r  a co l lo id  s t a r t i n g  at i n f i n i t y .  
Colloids nearer t h e  anode will, of course, a l s o  become ionized under t h e  same 
conditions. 

If t h e  subs t i t u t ion  

16fi (2mecp3) 'I2 
x =  r 

9heFara 

i s  made, t h e  in tegra t ion  takes  t h e  form of t h e  well-known exponential i n t e g r a l  
-Ei(-xa),  which i s  tabula ted  i n  almost a l l  mathematical handbooks (e.g., r e f .  6 ) .  
In  t h e  expression 

-X 
-Ei ( -xa)  = e dx 

X 

xa i s  obtained from equation (18) with r = ra. With these  subs t i tu t ions  and 
def ini t ions,  equation (17 ) becomes 

The ion iza t ion  probabi l i ty  (eq. (16 ) )  i s  very sens i t i ve  to s m a l l  changes i n

/$. These same changes, however, a r e  r e f l ec t ed  i n  equation (20)  as a s l i g h t  

modification of t h e  f i e l d  s t rength  ( f o r  a given rad ius) ;  t h a t  is, t h e  same order 
of magnitude f i e l d  s t rength  i s  needed t o  produce p a r t i a l  ionizat ion of t h e  beam 
as i s  used t o  achieve almost t o t a l  ionizat ion.  In view of t h i s ,  a condition 

will a r b i t r a r i l y  be chosen by l e t t i n g  f = 4, which y i e lds  a probabi l i ty  of 

0.982. The u t i l i z a t i o n  e f f ic iency  at this degree of ion iza t ion  of t h e  beam 
should then be grea te r  than 98 percent provided t h a t  t h e  neut ra l s  do not leave 
t h e  tube before they  come i n t o  t h e  ionizat ion region. Solving equation (20) for 
ra with a value of 0.982 f o r  t h e  i n t e g r a l  then gives t h e  desired r e l a t i o n  f o r  
t h e  wire s i z e  as a funct ion of t h e  necessary f i e l d  strength: 
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The.potent ia1 Va between t h e  wire and t h e  grounded g r i d  cyl inder  of radius ro 
i s  given by 

r0Va = Far, I n  
ra 

The f i e l d  s t r eng th  can be eliminated by combining equations ( 2 1 )  and (22)  
t o  obtain t h e  vol tage requirement as a funct ion of wire radius .  These a r e  two 
of t h e  more importark design parameters p lo t ted  i n  f igu re  2 f o r  g r i d  r a d i i  of 

and lo-' meter. 

To complete t h e  discussion of u t i l i z a t i o n  eff ic iency,  it now renains t o  
ca l cu la t e  t h e  necessary cyl inder  length  t o  allow each co l lo id  t o  reach t h e  ion
i za t ion  zone before leaving t h e  tube.  

The f r a c t i o n  of the c o l l o i d a l  beam having a ve loc i ty  between vz and 
vz + dv, i s  given by 

Integrat ing from zero t o  vz then  gives t h e  t o t a l  f r a c t i o n  having ve loc i t i e s  
l e s s  than  vz: 

where 

The time it takes  a p a r t i c l e  s t a r t i n g  at t h e  beam edge r i  t o  reach t h e  
anode (ra - 0 )  should be made equal t o  i t s  t r a n s i t  t i m e  through t h e  tube t r a v e l 
ing a t  a ve loc i ty  vz.  Hence, by use of equation (151, 
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from which 

Table I1 gives t h e  value of L at  t h e  atmospheric melting point of each of 
t h e  alkalies a t  t h e  following parameter values:  

If t h i s  value i s  represented by L*, equation (27)  can then  be rewr i t ten  i n  terms 
of i t s  more important parameters as 

2 *L = vp.L
1 

where p i  i s  a nondimensional f a c t o r  equal i n  magnitude t o  t h e  radius  of t h e  
beam expressed i n  mill imeters,  and v, of course, gives  t h e  percent of beam 
that w i l l  be ionized as determined from equation (24) .  fvz 

When t h e  values of ro, ra, and Va were chosen, consideration w a s  given 
t o  f igu re  2, which shows these  values as occurring at realist ic operating points .  
Except f o r  va r i a t ions  i n  v and pi, equation ( 2 7 )  must be used as t h e  bas i s  f o r  
computing t h e  tube length f o r  other  values of t hese  parameters. 

CHARGE AND CURRENT DENSITIES 

The purpose of maintaining t h e  outer cyl inder  a t  a high po ten t i a l  i s  t o  
provide a s u f f i c i e n t l y  strong decelerat ing force  on t h e  charged co l lo ids  t o  keep 
them confined within t h e  tube. I n  order t o  accomplish t h i s ,  t h e  po ten t i a l  must 
be at l e a s t  as high as t h e  po ten t i a l  on t h e  emitt ing wire. 

The charged p a r t i c l e s  a r e  formed i n  t h e  high-potent ia l  region around t h e  
wire. From f igu re  2, It i s  evident t ha t ,  f o r  p r a c t i c a l  emit ter  r a d i i  and oper
a t ing  potent ia ls ,  each co l lo id  would have an energy of t h e  order of lo5 electron 
v o l t s  i f  s ing ly  charged p a r t i c l e s  a r e  assumed, The m a x i m u m  densi ty  of neu t r a l  
p a r t i c l e s  entering t h e  tube i s  estimated t o  be of t h e  order of 1015 per  cubic 
centimeter. The in t e rac t ion  energy of two charged co l lo ids  at t h i s  densi ty  
would then be of t h e  order of 0.01 electron vo l t .  The descr ip t ion  of t h e  motions 
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of t h e  charged co l lo ids  within t h e  tube then coincides with t ha t  of an i d e a l  gas 
i n  which t h e  p a r t i c l e s  move independently of each o ther  but achieve thermodynamic 
equilibrium by v i r t u e  of t h e  randomizing e f f ec t  of t h e  weak in te rac t ions  be
tween pa r t i c l e s .  

With t h e  Boltzmann fac tor ,  t h e  relative dens i ty  of p a r t i c l e s  within t h e  
tube can be found. The po ten t i a l s  i n  t h e  i n t e r c y l i n d r i c a l  space, f o r  t h e  case 
where t he  outer  cyl inder  is at t h e  same p o t e n t i a l  as t h e  w i r e ,  are given as 

V ( r )  = 

In  i t s  most general  form, t h e  dens i ty  can be wr i t t en  as 

p = c 1.. . 1exp (--.!$dpl . . . dp3N 

where H(pl . . . p3N, q1 . . . q3N) i s  t h e  Hamiltonian funct ion of t h e  conjug

a t e  momentums and coordinates p and q, and c can be considered t o  be a 
normalizing constant.  Since t h e  po ten t i a l s  depend only on t h e  coordinates, t h e  
in tegra t ions  over t h e  momentums cont r ibu te  a constant f a c t o r  and the  dens i ty  i s  
a funct ion of t h e  coordinates.  In  par t icu lar ,  because of equation ( 2 8 ) ,  t h e  
dens i ty  i s  a funct ion of the r a d i a l  coordinate alone: 

w h e r e  p ( r o )  i s  a constant equal t o  t h e  maximum dens i ty  tha t  occurs at V = 0, 
tha t  is ,  at  r = ro. In  terms of t he  po ten t i a l s  of the  two regions, as given i n  
equation ( 2 8 ) ,  t h e  normalized dens i ty  i s  then  
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The quan t i ty  eVa/kT needed i n  equations (31) r e l u i r e s  a knowledge of t h e  
ion gas temperature. Since t h e  i n i t i a l  condi t ions are approximately known, t h e  
e f f ec t ive  temperature can be  calculated.  The average energy per emitted p a r t i c l e  
i s  approximately eVa, w h i l e  f r o m t h e  i d e a l  gas  equation, t h e  average energy i s  

-2 
3 kT. Equating t h e s e  terms g ives  t h e  des i red  r e l a t i o n  

A f ie ld-emission ionizer ,  such as t h e  one described, can never operate under 
space-charge-limited conditions,  f o r  t h i s  implies thak t h e  f i e l d  at t h e  emi t te r  
vanishes. It i s  not c l e a r  what t h e  exact s e tu ra t ion  l e v e l  is, but it i s  obvious 
t h a t  t h e  f i e l d  does not have t o  be  suppressed very  g r e a t l y  t o  cause a notable 
increase i n  t h e  charging l i f e t i m e  and thus  end f i e l d  emission. If it i s  assumed 
t h a t  an anode f i e l d - s t r e n g t h  suppression of Fa i s  t h e  allowable maxi", 
an estimated upper l i m i t  t o  p ( r o )  (appendix B)  i s  

-
The average flux densi ty ,  j, out of t h e  tube  end, with an assumed mean-

d r i f t  v e l o c i t y  v
z' 

i s  then  equal t o  

/ \ 

The mean v e l o c i t y  of a molecular beam i n  t h e  m a s s  range being considered 
(Nm* - kg), at a temperature of t h e  order of 1000° K, i s  approximately 
7 meters per second, as  computed from 

-
The value of j, ca lcu la ted  at a l i k e l y  design point,  f o r  instance, 

va = 105 vo l t s ,  ra = meter, and ro = meter i s  the re fo re  of t h e  order 
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of 1OI8 per square meter per  second. This f igure,  if  mul t ip l ied  by t h e  elec
t ron ic  chnrge e gives a m a x i m u m  current  dens i ty  of 0.144 ampere per  s lua re  
meter from t h i s  device i n  thermal equilibrium; t h a t  is ,  i f  no f i e l d  i s  used t o  
dre.w t h e  chwged co l lo ids  out of t h e  tube.  This  f i g u r e  a l s o  represents  t h e  
necessary input of neu t r a l  co l lo ids  from t h e  p a r t i c l e  generator,  i n  order t o  
achieve maximum charging ef f ic iency  More than  t h i s  would cause sa tu ra t ion  and 
a r e su l t i ng  l o s s  i n  ion iza t ion  eff ic iency.  The use of even a moderate e l e c t r i c  
f i e l d  appl ied a x i a l l y  along t h e  cylinder,  however, can g r e a t l y  increase t h e  cur
ren t  density. 

CONCLUDING REMARKS 

The fie1.d emission method of producing pos i t i ve ly  charged co l lo ids  is, on 
t h e  b a s i s  of net power per charge, one of t h e  most e f f i c i e n t  ways of charging. 

The p rope l l an t -u t i l i za t ion  eff ic iency,  as pointed out i n  t h e  t e x t ,  could be 
made t o  approach un i ty  i n  a cyl inder  of reasonable length.  This, of course, i s  
contingent on how well  t h e  co l lo id  generator can form aggregates f r o m t h e  mona
tomic propel lant .  

A t  present, t he  necessary r e l a t ion  between t h e  appl ied po ten t i a l s  and t h e  
emi t te r  r a d i i  required f o r  t h i s  charging method is  somewhat d i f f i c u l t  t o  
achieve, but it i s  l i k e l y  thFtt i n  t h e  fu tu re  monocrystalline f i laments  and/or 
high-voltage sources w i l l  be  ava i lab le .  With t h e  advent of such t h i n  fi laments,  
it i s  possible  t h a t  t h e  required emit ter  p o t e n t i a l  will be  reduced enough so  
t h a t  a magnetic f i e l d  can be used t o  t u r n  t h e  charged col loids ,  and thus  t h e  
intermediate g r i d  could be eliminated. This i s  des i r ab le  s ince  t h e  g r i d  i s  
located i n  t h e  region of g rea t e s t  charge dens i ty  and i s  subjected t o  severe i m 
pingement. 

L e w i s  Research Center 
National Aeronautics 2.nd Space Administrat ion 

Cleveland, Ohio, August 13, 1963 
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APPENDM A 

SYMBOLS 

a 

C 

D 


E 


F 

Fa 

F i  

f 

fv 
z 

H 


h 

k 

L 

L* 


me 

m* 

N 

NO 
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p o t e n t i a l  b a r r i e r  end point 


constant 


transmission p robab i l i t y  


energy l e v e l  or  s t a t e  


vacuum p o t e n t i a l  


Fermi energy l e v e l  


t r a n s l a t i o n a l  energy i n  x-, y-, and z-directions, respect ively 


e lec t ronic  charge 


e l e c t r i c  f i e l d  s t rength  


e l e c t r i c  f i e l d  s t rength  a t  anode 


e l e c t r i c  f i e l d  s t rength  at r i  


Fermi d i s t r i b u t i o n  function; ve loc i ty  d i s t r i b u t i o n  function 


f r a c t i o n  of p a r t i c l e s  having v e l o c i t i e s  up t o  vz 


Hamiltonian funct ion 

Planck' s constant 

average f lux  dens i ty  

Boltzmann' s constant 

cyl inder  length 

spec i f i c  cyl inder  length, and t a b l e  following it defined by 
eq. ( 2 8 )  

e lec t ronic  m a s s  

atomic mass 

total number of const i tuent  atoms i n  co l lo id  

Avogadro's number 



n 

dn 

P 


P 


Px’ PyY P, 


q 


R 

ri 

r0 

S 

T 


t 

U 

v 

‘a 

vb 

X 

xa 

X? Y? z 

number of e lectrons passing through po ten t i a l  b a r r i e r  per  see 

d i f f e r e n t i a l  number of e lectrons passing through po ten t i a l  ba r r i e r  
per sec 

ionizat ion probabi l i ty  

momentum 

momentum components i n  x-, y-, and z-directions, respec t ive ly  

coordinate 

e f f ec t ive  co l lo id  radius  

radius  

anode radius  

outer cylinder radius  

i n i t i a l  r a d i a l  dis tance from anode 

g r i d  radius 

e f f ec t ive  surface area presented t o  tunneling electrons 

t emperature 

residence t i m e  

po ten t i a l  energy 

po ten t i a l  funct ion 

vol tage a t  anode 

vol tage at outer cylinder 

ve loc i ty  components i n  x-, y-, and z-directions,  respect ively 

average ve loc i ty  i n  z-direction 

dummy var iab le  i n  eq. (20)  

defined by eq. (19) at r = ra 

Cartesian coordinates 

cy l ind r i ca l  coordinates 
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a 


EO 


rl 

'i 

V 

P 


7 

cp 


Subscri p t  s : 


i 


1 . . . 3R 

p o l a r i z a b i l i t y  

vacuum d i e l e c t r i c  constant 

dummy va r i ab le  

nondimensional beam radius  

va r i ab le  defined by eq. (27)  

dens i ty  funct ion 

number densi ty  of atoms i n  co l lo id  

dens i ty  of water a t  4' C 

surface va r i ab le  

charging time 

work funct ion 

i n i t i a l  

degrees of freedom 
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APPENDIX B 

SUPPRESSION OF ANODE FIELD STRENGTH 

The f i e l d  s t r eng th  at a d is tance  r due t o  a cy l ind r i ca l ly  symmetric cloud 
charge of densi ty  e p ( r )  and a cen t r a l  wire conductor having a surface charge 
dens i ty  of EOF(ra) i s  

The wire is  held at a. constant p o t e n t i a l  Va with respect  t o  t h e  grounded 
g r i d  at ro. Hence, t h i s  vol tage i s  given a l t e r n a t e l y  by equations (22) and 
(B2): 

va = - F ( r ) d r  

If t h e  appropriate  expression for p ( r )  from equation (31) i s  used and t h e  
indicated in tegra t ions  are ca r r i ed  out, t h e  e f f ec t  of t h e  space charge on t h e  
wire f i e l d  s t rength  i s  found t o  be 

Terms involving powers of ra a r e  ignored s ince  ro >> ra. 

If a f i e ld - s t r eng th  suppression f ac to r  of 

Fa - F( ra )  = 10-2 Fa 

i s  assumed, t h e  maximum dens i ty  becomes 

U 


i n  which equation (22)  was again used. 
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TABLE 11. - CYLIIQBER LENGTH AT! 


MELTING POINT 


Element 

L i t  hium 

Sodium 

Pot assium 

Cesium 

Rubidium 

Melting point 
at 760 mm Hg, 

OK 

~ 

459.2 


370.7 


335.5 


301.7 


311.7 


Speci f ic  
cyl inder  

length, 
L*m ’  


3.25XlO-1 


2.19x10-1 


1.48x10-1 


3.54x10-2 


4.1ox10-2 
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( a )  Atom d e n s i t y ,  lo4 atoms p e r  c o l l o i d  ( b )  Atom d e n s i t y ,  lo3 atoms p e r  c o l l o i d .  

F igure  1. - Charging time as f u n c t i o n  of' f i e l d  S t r e n g t h .  
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Figure 2. - Anode voltage as function of anode radius. 
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(b) Atom density, lo4 atoms per colloid; g r i d  radius, meter. 

Figure 2. - Continued. Anode voltage as function of anode radius. 
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(d )  Atom dens i ty ,  103 atoms p e r  co l lo id ;  g r i d  rad ius ,  meter. 

F igure  2. - Concluded. Anode vol tage  as f u n c t i o n  of anode radius. 


